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McGill University
Department of Electrical and Computer  Engineering
Course: ECSE 323  -Digital Systems Design



Fall 2008
ASSIGNMENT #1

(with solutions)

TOPIC:  BOOLEAN LOGIC THEORY

1.-      Prove the validity of the following identity
 
((C + ABD +(BD +(AB)(C + AB +BD) = B(A + C)((A +(C) + D(B +C)

State the axioms and theorems of Boolean algebra you used in the process.

Hint: Use distributive, complementation, absorption, null element, commutative, simplification.

___________________________________________________________________________

ANSWER
((C + ABD +(BD +(AB)(C + AB +BD) = B(A + C)((A + C) + D(B +C)

L.H.S.  =  C(C + A B(C + B(C D + ABCD +ABD + ABD +(BCD

                + A B(B D + B(B D + (A B C + A(A B +(A B B D                 (Distributive)

        
=  0 + A B(C + B(C D + A B D (C + 1) + A B D +(B C D

                + 0 + 0 +(A B C + 0 +(A B D                                            (Complement +

                                                                                                              Distributive +

                                                                                                              Absorption)


=  A B(C + B(C D + A B D +(B C D +(A B C +(A B D      Null element


=  A B(C + B(C D + BD(A +(A) +(B C D +(A B C          (Distributive +

                                                                                                            Complement +

                                                                                                            Commutative)

 
= A B(C + BD((C + 1) +(B C D +(A B C     (Distributive + Absorption)


= A B(C + (B +(B C)D +(A B C                    (Distributive)

           =  A B(C + (B + C)D +(A B C                        (Simplify)


= A B(C + (A B  C + D(B + C)
   
= B(A + C)((A +(C) + D(B + C)      =   R.H.S.

__________________________________________________________________________

2.-     a)  Given the following function  F  by its truth table, produce the truth table of  FD , where  FD is the dual of  F .

	A   B  C
	F

	0   0   0
	0

	0   0   1
	1

	0   1   0
	0

	0   1   1
	1

	1   0   0
	1

	1   0   1
	0

	1   1   0
	0

	1   1   1
	1


b)  Using K-maps, show that the complement of the dual of the function  F  in part a) is identical to the dual of its complement.
__________________________________________________________________________

ANSWER
a)
According to the definition of duality, we change ALL 0’s  into  1’s and  ALL 1’s into 0’s

	A   B  C
	FD

	1   1   1
	1

	1   1   0
	0

	1   0   1
	1

	1   0   0
	0

	0   1   1
	0

	0   1   0
	1

	0   0   1
	1

	0   0   0
	0

	A   B  C
	F

	0   0   0
	0

	0   0   1
	1

	0   1   0
	0

	0   1   1
	1

	1   0   0
	1

	1   0   1
	0

	1   1   0
	0

	1   1   1
	1


b)

	  AB

C
	00
	01
	11
	
10

	0
	0
	1
	0
	0

	1
	1
	0
	1
	1

	  AB

C
	00
	01
	11
	10

	0
	1
	0
	1
	1

	1
	0
	1
	0
	0


                    FD                                                                                               ____

                                                                                                                        (FD)

	  AB

C
	00
	01
	11
	
10

	0
	1
	1
	1
	0

	1
	0
	0
	0
	1

	  AB

C
	00
	01
	11
	10

	0
	1
	0
	1
	1

	1
	0
	1
	0
	0


(F  = (A(C + B(C + A(B C                                     ((F )D = ((A +(C)(B +(C)(A +(B + C)   
                   ____




           = (A B C +(C A +(C B

Therefore,   (FD) = ((F )D .
3.-  Consider the following function,  F,  of four variables


F(A,B,C,D) = (m(4,5,7,12,14,15) +  (d(3,8,10)

where (d represent the don’t care values of the function  f.

a)  Give the minimal sum-of-products form of  f.

b) Give the minimal product-of-sums form of  f.

________________________________________________________________________
ANSWER


a)                                                                   b)
	   AB

CD
	00
	01
	
11
	10

	00
	0
	1
	1
	X

	01
	0
	1
	0
	0

	11
	X
	1
	1
	0

	10
	0
	0
	1
	X

	   AB

CD
	00
	01
	11
	10

	00
	0
	1
	1
	X

	01
	0
	1
	0
	0

	11
	X
	1
	1
	0

	10
	0
	0
	1
	X




[image: image1]
Minimal sum-of-products                              Minimal product-of-sums

F = A(D  + B C D +(A  B(C                     F = B ((A + C +(D )( A +(C + D )

________________________________________________________________4.-          Consider the following Boolean function


F (A,B,C,D) = ∑m(1,4,6,7,8,9,10,11,15).
a) 
List all the prime implicants of  F  by following the Quine-McCluskey
method.

 b)       Give all minimal two-level sum-of-products expressions of  F  by showing the                                                 covering table and by using the Petrick function.

c)
Minimize the function using a k-map and verify that you obtain the same answer as in part b). 

___________________________________________________________________________

ANSWER
a)





                         First reduction
	ID
	ABCD

	1      (
	0 0 0 1

	4      (
	0 1 0 0

	8      (
	1 0 0 0

	6      (
	0 1 0 1

	9      (
	1 0 0 1

	10   (
	1 0 1 0

	7     (
	0 1 1 1

	11   (
	1 0 1 1

	15   (
	1 1 1 1

	Group
	ABCD

	(1,4)      
	- 0 0 1

	(4,6)     
	0 1 - 0

	(6,7)
	0 1 1 -

	(7,15)
	- 1 1 1

	(11,15)
	1 - 1 1

	(8,9)      (
	1 0 0 -

	(10,11)  (
	1 0 1 -

	Group
	ABCD

	(8,9,10,11)    
	1 0 - -


Second and final reduction
List of prime implicants

	ABCD
	Group
	Terms

	- 0 0 1
	(1,4)      
	(B(C D

	0 1 - 0
	(4,6)     
	(A B(D

	0 1 1 -
	(6,7)
	(A  B C

	- 1 1 1
	(7,15)
	B C D

	1 - 1 1
	(11,15)
	A C D

	1 0 - -   
	(8,9,10,11)    
	A(B


Covering table

                                                                                    Minterms

	ABCD
	Group
	1    4    6    7    8    9   10    11    15

	- 0 0 1
	(1,4)           P1
	X                           X

	0 1 - 0
	(4,6)           P2
	      X   X

	0 1 1 -
	(6,7)           P3
	            X   X

	- 1 1 1
	(7,15)         P4
	                 X                                X

	1 - 1 1
	(11,15)       P5
	                                  X       X

	1 0 - -   
	(8,9,10,11) P6     
	                      X    X    X    X


Essential prime implicants:  (B (C D,  (A  B C, A(B
Petrick Function 

P = P1 P2 (P2 + P3)(P3 + P4)P6(P1 + P6)P6(P5 + P6)(P4 + P5)
   = P1 P2 P6 (P2P4 + P3)(P1P5 + P6)(P3P5 + P4)

   = P1P2P6(P2P4P1P5 + P2P4P6 + P3P1P5 + P3P6)(P3P5 + P4)

   = P1P2P6(P1P2P3P4P5 + P2P3P4P5P6 + P1P3P5 + P3P5P6  + P1P2P4P5 + P2P4P6 + P1P3P4P5 + P3P4P6) 
=  P1P2P6P4 + P1P2P3P5P6 + ….

Fmin = P1 + P2 + P6 + P4  = (B(C D + (A B(D + A(B + B C D.
c)
	   AB

CD
	
00
	
01
	11
	
10

	00
	0
	1
	0
	1

	01
	1
	0
	0
	1

	11
	0
	1
	1
	1

	10
	0
	1
	0
	1





Fmin = (B(C D + (A B(D + B C D + A(B
which is the same as the one obtained in  part b).
__________________________________________________________________________
5.-   When a function, T, is expanded about one of its variables, say  X , the resulting expression can be written in the form  T = X R1 +(X  R2 , where R1 and R2 are called residue functions of  T and are independent of  the variable  X.

a)  What is the condition that the residue functions must satisfy for  T  to be independent of  X  but dependent of  (X ?
b) What is the condition that the residue functions must satisfy for  T  to be independent of (X  but dependent of  X ?

c) What is the condition that the residue functions must satisfy for  T  to be independent of  X  also independent of  (X ?

Give proper justification and proof of your answer
___________________________________________________________________________

ANSWER
a)  If  R2  = R1  + R0 , meaning that  R1   is contained in R2  , then we can write

T = X R1  + (X R2  = XR1  + (X  (R1  + R0 ) = R1  (X + (X)   + (X R0  = R1   + (X R0  ,which is independent of   X
b) If  R1  = R2  + R0 , meaning that  R2   is contained in R1  , then we can write

T = X R1  + (X R2  = X(R2  + R0 ) + (X  R2   = R2  (X + (X)   + X R0  = R2   + X R0  ,which is independent of   (X.

c) If  R1  = R2  , then   T = R1  (X +(X)  = R1  ,which is independent of  X and (X.
_________________________________________________________________________

6.-  Design a gate combinational circuit, using AND, OR, NOT gates, that detects an error in the representation of a decimal digit coded in BCD code (Binary-Coded-Decimal). The output, E, of the circuit must be equal to  1  when the inputs contain any one of the six unused bit combinations in the BCD code. Otherwise, E assumes the value  0.

a) Give the truth table and k-map of  E

b) Give the minimal sum-of-products implementation of  E

c) The implementation you just found in part b) is not the absolute minimal two-level gate implementation of  E. Find an implementation of  E  using the fewest possible number of gates. (Only one OR gate and one AND gate are required for such implementation. Explain how you found it.

___________________________________________________________________________ 
ANSWER  
---------------------------------------END OF ASSIGNMENT  #1-----------------------------------
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