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Sample Midterm Test 2 (mt2s04) 

Covering Chapters 4-5 and part of Chapter 15 of Fundamentals of Signals & Systems 
 
 
 

Problem 1 (35 marks) 
The following nonlinear circuit is an ideal full-wave rectifier.  
 
 
 
 
 
 
 
 
 
 
 
 

The voltages are [ ] [ ]1 1 1( ) ( ) ( ) ( 2 ) ( (2 1) )t
in

k
v t e u t u t T t kT t k Tα δ δ

+∞

=−∞
= − − ∗ − − − −∑  where , 0α α∈ >R , 

and v t v tin( ) ( )= . 
 
(a) [5 marks] Find the fundamental period T  of the input voltage. Sketch the input and output voltages 

( ), ( )inv t v t  for 11/Tα = . 
 
Answer: 
We have 12T T=  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

R 

+ - 

+ 
- 

v t( )

v tin ( )

t 

1 

-1 

1 

T1 

-e 

e 

2T1 -2T1 -T1 

( )inv t



Sample Midterm Test 2 (mt2s04) 
 
 

2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) [12 marks] Compute the Fourier series coefficients ka  of the input voltage ( )inv t  for any positive values of 

α  and 1T . Write ( )inv t  as a Fourier series.  
 
Answer: 
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Fourier series: 
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(c) [10 marks] Compute the Fourier series coefficients kb  of v t( )  again for any positive values of α  and 1T . 

Here the fundamental period is 1T T= . 
 
Answer: 
DC component : 
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(d) [8 marks] Compute the Fourier series coefficients of the voltage signals ( ), ( )inv t v t  for the case 0α →  

with 1T  held constant. What time-domain signals ( ), ( )inv t v t  do you obtain in this case? Sketch them. 
 
Answer: 
When 0α →  we get a rectangular wave for ( )inv t  and a constant signal for ( )v t . 
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Problem 2 (30 marks) 
Consider the causal LTI differential system initially at rest: 

   
2

2

( ) ( ) ( )3 3 9 ( ) 0.5 ( )d y t dy t dx ty t x t
dt dtdt

+ + = +  

(a) [5 marks] Compute the frequency response ( )H jω  of the system. 
 
Answer: 

By inspection: 
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(b) [20 marks] Compute the response of the system to the input 2( ) ( ) ( )tx t te u t u t−= +  using the Fourier 

transform. 
 
Answer: 
 

2
2

1 1( ) ( ) ( ) ( ) ( )
(2 )

FTtx t te u t u t X j
jj

ω πδ ω
ωω

−= + ←→ = + +
+

 

t 

1 

-1 

T1 2T1 -2T1 -T1 

( )v t



Sample Midterm Test 2 (mt2s04) 
 
 

5 

1

22

22 2

2 2

( )

0.5 1 1 1( ) ( ) ( ) ( )
(2 )( ) 3 3( ) 9

0.5( 2) 1 0.5 1 1 ( )
9(2 )( ) 3 3( ) 9 ( ) 3 3( ) 9

0.5 1 0.5 1 1 (
(2 ) 9( ) 3 3( ) 9 ( ) 3 3( ) 9

Y j

jY j H j X j
jjj j

j j
jjj j j j

j
j jj j j j

ω

ωω ω ω πδ ω
ωωω ω

ω ω πδ ω
ωωω ω ω ω

ω πδ
ω ωω ω ω ω

 += = + + ++ +  
+ += + +

++ + + +
+= + +

++ + + +
2 ( )

)

Y jω

ω

 

Partial fraction expansion of 1 ( )Y jω : 
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Partial fraction expansion of 2 ( )Y jω : 
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Overall response: 
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(c) [5 marks] Compute the response of the system to the input ( ) 5sin(10 )x t t= . 
 
Answer: 
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The response is: 

 
( ) 5(0.0487)sin(10 1.2494)

0.2435sin(10 1.2494)
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Problem 3 (20 marks) 
Consider the sampling system with an ideal unit-gain, low-pass filter ( )lpH jω  (called an antialiasing filter) with 

cutoff frequency cω , and where the sampling frequency is 
2

s
sT
πω = .  

 
 
 
 
 
 
 
 
 
 
 
 

The input signal is ( ) ( )tx t e u t−= , and the sampling period is set at 
3sT

π= .  

 (a) [10 marks] Give a mathematical expression for X j( )ω , the Fourier transform of the input signal, and 
sketch it (magnitude and phase.) Design the antialiasing filter (i.e., find its cutoff frequency) so that its bandwidth 

x ( )lpH jω

( ) ( )s
k

p t t kTδ
+∞

=−∞

= −∑

x t( ) ( )w t ( )pw t
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is maximized while avoiding aliasing of its output ( )w t  in the sampling operation. With this value of cω , sketch 

the magnitudes of the Fourier transforms ( )W jω  and ( )pW jω . 
 
Answer: 

The Fourier transform of the input signal ( ) ( )tx t e u t−=  is 
1( )

1
X j

j
ω

ω
=

+
. 

Magnitude: 
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The cutoff frequency of the antialiasing filter must be set equal to half of the sampling frequency to satisfy the 

sampling theorem. Therefore, 
1 1 2 3
2 2c s
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πω ω= = = . With this cutoff frequency, the magnitudes of ( )W jω  

and ( )pW jω  are shown below. 
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(b) [10 marks] Compute the ratios of total energies 100 w

x

E
r

E
∞

∞

=  in percent, where wE∞  is the total energy in 

signal ( )w t  and xE∞  is the total energy in signal ( )x t . This ratio gives us an idea of how similar ( )w t  is to 

( )x t  before sampling. How similar is it? (HINT: 2 2

1 arctandu u C
a auα

 = + +  ∫ )  

Answer: 
 
The total energy in the input signal is easier to compute in the time domain: 
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The total energy in the filtered signal is easier to compute in the frequency domain: 
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ratios of total energies 
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This ratio indicates that quite a bit of energy is lost in the antialiasing filter and therefore ( )w t  is not very similar 
to ( )x t .  
To do a better job, one would have to increase both the cutoff frequency and the sampling frequency.  
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Problem 4 (15 marks) 
(a) [10 marks] Find the inverse Fourier transform x t( )  of X j( )ω  whose magnitude and phase are shown 
below. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Answer: 
 
Let Y j( )ω  be the Fourier transform of a rectangular window of unit magnitude and zero phase (i.e., it is real) 
from -W to W. Then the Fourier transform of x t( )  is  
    X j j Y j( ) ( )ω ω ω= . 
Using the differentiation property, the signal x t( )  is given by 
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(b) [5 marks] Find the DC gain of the LTI filter characterized by its impulse response 
, 2( )

0, otherwise

te th t
− <= 


.   
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