Solutions to Problems in Chapter 9
Problems with Solutions

Problem 9.1

The circuit in Figure 9.1 has initial conditions on the capacitor v.(0") and inductor i, (07).

Figure 9.1: Circuit of Problem 9.1.

(a) Transform the circuit using the unilateral Laplace transform.

Answer:

The transform circuit is given in Figure 9.2.
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Figure 9.2: Transform circuit of Problem 9.1.

(b) Find the unilateral Laplace transform V(s) of v(¢).

Answer:

Let us use mesh analysis. For mesh 1:



Y(s) - RI,(s) —évc(ov —é[z (5) =3, (s)] =0

= J,(s) = ~CsU(s) +Cv,(07) +(1 +R,C5)J,(s)

For mesh 2:

L 13,5 = 9,91+ L0 (07) +Li, (07) ~(R, +Ls)F,(s) =0
Cs S

= J(s)=(1+R,Cs +LCs*)J,(s) =Cv,.(07) =LCsi, (07)
Substituting, we obtain:
J,(5) = =CsY(s) +Cv, (07) +(1 +R,Cs)[ (1 +R,Cs +LCs*)T,(s) ~Cve(07) ~LCsiy (07) ]

[1-(1+RCs)(1+R,Cs +LCs*)1J,(s) = -CsY(s) +Cv,(07) =1 +R,Cs)[Cv.(07) +LCsi, (07)]
~[LRC?s® +(R R,C* +LC)s* +C(R, +R,)s19,(s) = -CsU(s) +Cv,(07) = (1 +R,Cs)[Cv,(07) +LCsi, (07)]

Solving for J,(s), we get:

Y(s) o L0+ RC)iy (0) + R Cv, (0)

I,(s) =
:(5) LRCs* +(R,RC+L)s +R +R, LRCs® +(R,RC +L)s +R +R,

And finally the unilateral Laplace transform of the output voltage is given by

LsV(s) N L’s(1+RCs)i,(07) +RLCsv,(07) _

V(s)=LsT,(s) =i, (07) = 5 >
LRCs” +(R,RC+L)s +R +R, LRCs" +(R,RC +L)s +R, +R,

i,(07)

(c) Give the transfer function J€(s) from the source voltage U (s) to the output voltage V(s).
What type of filter is it? (lowpass, highpass, bandpass?) Assuming that the poles of F€(s) are

complex, find expressions for its undamped natural frequency w, and damping ratio ¢ .



Answer:

Notice that the transfer function from the source voltage to the output voltage is bandpass. Its

gain at dc and infinite frequencies is 0. The transfer function #(s) from the source voltage
U (s) to the output voltage V(s) is given by:

V(s) _ Ls

FE(s) = _ .
Y(s) LRCs>+(R,RC+L)s +R +R,

: R +R : o
Its undamped natural frequency is @, = |[———= . The damping ratio is computed from
1
RRCH+L
ot =RRC+L . LRC _ RRC*L
" LRC 5 [R+R, 2(R, +R,)LRC
LRC

(d) Assume that R, =100Q, R, =100 Q, w, =10. Find the values of L and C to get Butterworth

poles.
Answer:
The Butterworth poles are for:

7=l - RRC+L __10000C+L

— = = 200/LC =10000C +L .
V2 2J(R +R)LRC  2:20000LC

Furthermore, @, =10 = /% = LC= % and substituting in the previous equation, we get:



=10000C +$ = 0 =500000C> —200/50C +1

1
200—
V50

2 1 1
0=C" - C+ =>C=——F+F
100~/50 500000 100~/50
Finally: L= ! = ! = 100

50C 1 J50
50—
100~/50

Exercises

Problem 9.2

The circuit in Figure 9.3 has initial conditions on its capacitor v.(0") and inductor #, (07).
(a) Transform the circuit using the unilateral Laplace transform.

(b) Find the unilateral Laplace transform V(s) of v(¢).

(c) Give the transfer function #(s) from the source voltage U (s) to the output voltage V(s) (it

should be second-order). What type of filter is it? (low-pass, high-pass, band-pass?) Assuming

that the poles of F(s) are complex, find expressions for its undamped natural frequency w, and

damping ratio ¢ .
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Figure 9.3: Transform circuit of Problem 9.2.



Problem 9.3

Consider the causal ideal op-amp circuit in Figure 9.4 (initially at rest) which implements a

lowpass filter.

C— :l>_o b (1)
a(6) —AA——AN
Ry

R _1
T

Figure 9.4: Op-amp filter circuit of Problem 9.3.

(a) Sketch the LTI model of the circuit with a voltage-controlled source representing the output

of the op-amp, and assuming that its input impedance is infinite. Also, assume for this part that

the op-amp gain A4 is finite.

(b) Transform the circuit using the Laplace transform, and find the transfer function
H,(s)=V,(s)/V,(s). Then, let the op-amp gain A4 — +oo to obtain the transfer function
H(s) = Alim H,(s).

(c) Find expressions for the circuit's undamped natural frequency and damping ratio.

Answer:



(a)

) Vour () = A[v, (1) =v,,, (0]

Vin (t)
A
=—v (¢
A0
(b) The transformed circuit is
I
1/C,s
& L 7 V()

+ + A
V. (s) Vals) 1/C,s Vo (8) = mV" (s)

_ [

L

There are two supernodes for which the nodal voltages are given by the source voltages. The

remaining two nodal equations are

1) Vi ($) =V (s) _Va(s) =V (s) J{

R R

1

o= e o

2

Vo($)—V.(s)

2) X,

=V.(s)C,s

From (2): V,(s) = (R,C,s +1)V_(s) . Substituting in (1), we get:



RV, (s)=RV (s) =RV (s) =RV (s) +RR,CsV (s) —ﬁ R R,CsV _(s)
RV, (s)=(R +R, +RR,C sV (s) —(Rl +ﬁR1R2C1s) V.(s)

RV, (s)= ((R1 +R, +R R,Cs)(R,C,s +1) —R, —ﬁRlRZCIS) V_(s)

Thus, the transfer function between the input voltage and the node voltage is given by

V.(s) - R,

O (R R A REGIRCs +) <R = T RRCs

The transfer function between the input voltage and the output voltage is

A A
V.o (s) 71+AVx(S) 1+AR2
HA(S): out = -

Vi (5) Vul) (R +R, +R R,Cs)(R,Cys +1) -R —HAARIRZCIS

The ideal transfer function is the limit as the op-amp gain tends to infinity:

14 R
H(s) =L i () = 2
V,(s) A= (R, + R, + R R,Cis)(R,Cys +1) =R, —RR,Cys
—_ R2
(RR,C,s +R’C,s +RR’CC,s’ +R +R, +R R,C,s) =R, =R R,C,s
1 1

" RC,s+R,C,s +RR,CC,s +1 RR,CC,s +(R, +R,)C,s +l

(c) Given a desired TF in the form: H = %, we can identify w, and ¢ :
. —Z s +1
w' o,



_ 1 _RARIC, _(RHR)C,

W=, (= ).
JRR,CC, 2JRR,C,C, 2

Problem 9.4

Consider the causal op-amp circuit initially at rest depicted in Figure 9.5. Its LTI circuit model

with a voltage-controlled source is also given in the figure.

vout (l) Ll

Figure 9.5: Op-amp circuit of Problem 9.4.

(a) Transform the circuit using the Laplace transform, and find the transfer function

H,(s) =V, ()7,

in

(s). Then, let the op-amp gain 4 — +o to obtain the ideal transfer function

H(s) = lim H (s).

(b) Assume that the transfer function H,(s) = H(s) has a dc gain of —50, and that H(s) has one
s

zero at 0 and two complex conjugate poles with @, =10 rd/s, { =0.5. Let L, =10H . Find the

values of the remaining circuit components R, R,, C .
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(c) Give the frequency response of H(s) and sketch its Bode plot.

Problem 9.5

The circuit in Figure 9.6 has initial conditions on the capacitor v.(0") and inductor i, (07).
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Figure 9.6: Circuit of Problem 9.5.

(a) Transform the circuit using the unilateral Laplace transform.

Answer:

(b) Find the unilateral Laplace transform of v(¢).

Answer:

Let's use mesh analysis.

For mesh 1:



U =2 5(5) = 0,0 ~R[F,(5) ~3.(5)] =0

= 5,() = = U+ (0) +(1 ()

1 Rs R,Cs
For mesh 2:

RL9,(5) = Ty ()] ~ (R, +Ls)T,(s) +Li, (07) =0
= 5= (R R L) i, (0)

1 1

Substituting, we obtain

1

T(5) = = U) +7,(0) +(1 4| (R, +R, +L)L(5) ~=i, (0)

1 1 LS 1 1
[RIZCS—(I + R Cs)(R, +R, +Ls)]T,(s) = R CsVU(s) +R,Cv.(07) H1 +R,Cs)Li, (07)
—[LRICSZ +(L+RR,C)s +R, +R,19,(s) = R CsVU(s) +R,Cv,(07) H1 +R,Cs)Li, (07)

Solving for J,(s), we get

R.CsV(s) , (LFRC9Li, (07) =R Cv,(0)

I,(s) =
:(5) LRCs> +(L+RR,C)s +R +R, LRCs’+(L+RR,C)s+R +R,

And finally the output voltage is

LR Cs* (s) +(1 + R Cs)L’si, (07) =R, CLsv,(07) _

V(s)=LsT,(s)—Li,(07) = Li, (0”
(©) 2(5) L0 LRCs> +(L+RR,C)s +R +R, LRCs*> +(L +R,R,C)s +R, +R, 0

_ LR Cs*¥ () La +RCs)L’s =[’RCs* +L(L +RR,C)s +L(R, +R,)]}i,(07) = R,CLsv,(07)
LRCs* +(L+RR,C)s +R, +R, LRCs*> +(L+RR,C)s +R, +R,

_ LR Cs*Y(s) L LR R,Cs + L(R +R,)]i, (07) ~R CLsv,(07)
LR Cs* +(L+RR,C)s +R, +R, LR Cs> +(L +RR,C)s +R, +R,
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(c) Sketch the Bode plot (magnitude and phase) of the frequency response from the input voltage

U (jw) to the output voltage V(jw). Assume that the initial conditions on the capacitor and the

o, L=—n c=1F.
891

inductor are 0. Use the numerical values: R, =1Q, R, = 201

Answer:

For the values given, the transfer function from the source voltage to the output voltage is

V(s) s’
H(s):= =
) Y(s) 2 LHRRC R R
LR,C LR,C

2
N

L4109 4109
S2 + 891 1 891 s+ 1891

891 891

2
N

s +110s +1000

2
N

(s +10)(s +100)
1 s’
1000 (55 + D(5555 +1)

Bode Plot:
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