Solutions to Problems in Chapter 2
Problems with Solutions

Problem 2.1
Compute the convolutions y[n] = x[n]Uh[n]:
(a) x[n] =a"u[n], h[n]=L"u[n], a # . Sketch the output signal y[n] for the case a =0.8,

B=09.

Answer:

Ml = Y *[kJin ~K]

k=—0c0

= i a*ulk1B8" uln — k]

=ﬂ"§(%) , n=0

For a =0.8, £ =0.9, we obtain:

y[n]z((”) 0"1(0'8) ]u[n]=[9(0.9)" ~8(0.8)" Julnl.

which is plotted in Figure 2.1.
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Figure 2.1: Output of discrete-time LTI system obtained by convolution in Problem 2.1(a).

(b) x[n] =d[n] = dn =2, hln] =u[n]

Answer:
M= Y skl k] = S (8TK] - Ak ~2)uln ]
k=00 k=-o
- k;m OlkJuln = k] = kZ‘w Ak ~2Juln ~k] (by the sampling property)
=u[n] Zoo: Olk]—u[n —2] Zm: Jk —2]

=u[n]—u[n =2] =9[n] +Jn —1]

(c) The input signal and impulse response depicted in Figure 2.2. Sketch the output signal y[n].
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Figure 2.2: Input signal and impulse response in Problem 2.1(c).



Answer:

Let us compute this one by time-reversing and shifting x[k] (note that time-reversing and

shifting A[k] would lead to the same answer) as shown in Figure 2.3.
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Figure 2.3: Time-reversing and shifting the input signal to compute the convolution in Problem 2.1(c).

Intervals:

n<2 Wklx[k —n] =0, [k y[nE 0
2<n<4:  hklxk-n]=1,2<k<n y[n]ZZI =n —(2) +l =
5<n<7: Hklx[k-nl=1,n-2<k <n yn]=> 1=3

k=n-2

;
8<n<9: AWkk-n]l=lLn-2<k<7 yna]=> 1=7~(n -2) + =10 =

k=n-2

n=>10 hklx[k—n] =0, [k y[nE 0

Figure 2.4 shows a plot of the output signal:
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Figure 2.4: Output of discrete-time LTI system obtained by convolution in Problem 2.1(c).

(d) x{n]=uln], hln]=uln]

Answer:

+00

ylnl= . xlklhln k]

k=—o0

= i ulklu[n — k]
= Y ulklul~(k =n)

d1=n+l, n=20
=9%=0
0, n<o0
= (n +1u[n]

Problem 2.2

Compute and sketch the output y(¢) of the continuous-time LTI system with impulse response

h(t) for an input signal x(¢) as depicted in Figure 2.5.
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Figure 2.5: Input signal and impulse response in Problem 2.2.

Answer:

Let us time-reverse and shiftjthe impulse response. The intervals of interest are:

t <1:no overlap as seen in Figure 2.6, so y(¢) =0.

ht-7)=e " Pu(t—1)
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Figure 2.6: Time-reversed and shifted impulse response and input signal do not overlap for # <1, Problem 2.2.

1<¢<4:overlap for 0 <7 <t —1 as shown in Figure 2.7. Then,
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-1 -1
y(t) = _[h(t—f)x(l')dr :Ie—(t—r—l)dz- :e-(t—r—l)‘ol :(1 _e-(t-l))’ 1 <t <4.
0
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Figure 2.7: Overlapping betwee the impulse response and the input for 1 < ¢ < 4 in Problem 2.2.

t 24: overlap for 0 <7 <3 as shown in Figure 2.8. Then,
3 3 3
y(®) = [h(t =D)x(r)dr =" Vdr =e™ T \0 =(e*" =) =(e* =e')e”, ¢ >4.
0 0

ht-7)y=e""Pu(t-r1)

A

R

A x(z’)

Figure 2.8: Overlap between the impulse response and the input for £ > 4 in Problem 2.2.

Finally, the output signal shown in Figure 2.9 can be written as follows:
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Figure 2.9: Output signal in Problem 2.2.

Exercises

Problem 2.3

Compute the output y(¢) of the continuous-time LTI system with impulse response

h(t) =u(t +1) —u(t —1) subjected to the input signal x(¢) =u(¢ +1) —u(t —1).

Answer:

y(t)=+fx(r)h(t—r)dr :T[u(r +) ~u@ -D|[u@t T ) u@ ¥ )4
Tu(r +Du(t -7 +1)dr —Tu(r Hu(t T -l)dr —mu@ Du(t + H)d +Tu( Hu( = 1)d

—00 —00

+00 +o0

[ u@ +Du(~r =@ +))dr = [u@ +Du(r ¢ A)dr

—00 —00

+00

~ [ w(z =Du(A7 = +1))dr ++fu(r Du( 4 (¢ A))dr

—00
t+1 t+l

= u(t +2)j dr —u(t)tj dr —u(t) j dr +u(t —2)? dr
=[] ue +2) 1] ue) {4 M u) $14 7w -2)
= (t +2)u(t +2) —tu(t) —tu(t) +(t —2u(t -2)

= (t +2)u(t +2) = 2tu(t) +(t =2)u(t =2)
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Problem 2.4

Determine whether the discrete-time LTI system with impulse response A[n] = (—0.9)"u[n —4] is

BIBO stable. Is it causal?

Problem 2.5

Compute the step response of the LTI system with impulse response /(t) = e cos(2t)u(t).

Answer:

j W(T)dr = j e cos(20 u(T )dr -—u(t)j e (e e )dr ——u(t)j T g 4 u(z)j (192X

I: - 1+]2)T:| u(t) + I: (-1 JZ)T:I u(t)
2(-1-/2)

2( 1+]2)
1 i
=—— ™ —1|ut) +——| T =1 |u(t
2(—1+j2)[ Juty 2(—1—j2)[ Ju
— -1 _ 1 + 1 T 1 e u(f)
| 2(-1+72) 2(-1-;2) 2(-1+,2) 2(41 —j2)

= 2Re{_—l'}+2Re{;‘e l+’”’Hu(l)
21+ 2) 2(-1 + 2)

= _Re{l +5j2 +Re[%e“”2)t] } () = [— +e” [%005(20 +§sin(2t)} }u(z‘)

Problem 2.6

Compute the output y(¢) of the continuous-time LTI system with impulse response A(¢) for an

input signal x(¢) as depicted in Figure 2.10.
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Figure 2.10: Impulse response and input signal in Problem 2.3.

Problem 2.7

Compute the convolutions y[n] = x[n]Uh[n].

(a) The input signal x[#] and impulse response A[n] are depicted in Figure 2.11. Sketch the

output signal y[n].

Figure 2.11: Input signal and impulse response in Problem 2.4.

Answer: The simplest technique here is probably to plot the two signals:
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x[=1]A[n +1] = h[n +1], x[0]A[n] =h[n],

to add them up graphically, and then to add to the resulting signal w[n]=h[n+1]+h[n] a

version of this same signal time-delayed by three time steps. This gives y[n] = w[n]+w[n —3]:
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(b) x[n]=u[n]—u[n —4], h[n] =u[n +4] —u[n]. Sketch the input signal x[#], the impulse

response A[n], and the output signal y[n].

Answer:

b h[n]
11
H-4-3-2-

v —e
-4
W

v

11



Intervals of interest:

n<-4: y[n] =0
+00 n+4
-4<n<-1: y[n] =D hklxln —k] =D 1 =n +5
k=—00 k=0
3
0<n<2: ynl= D 1=3~(n+l)+1 =3 -n
k=n+l
nz3: y[n]=0
A
n]
4
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Problem 2.8

Compute and sketch the output y(#) of the continuous-time LTI system with impulse response

h(t) for an input signal x(¢) as depicted in Figure 2.12.

rp RO =e"Pu(t-1

v

x()=u()—u(t-2)

v

Figure 2.12: Impulse response and input signal in Problem 2.5.
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Problem 2.9

Compute the response of an LTI system described by its impulse response

0.8)", 0<n<5
h[n] = {( V' " to the input signal shown in Figure 2.13.

0, otherwise

l x[n] h{n]
1
-1 1 2 3 4 5 n -1 1 2 3 4 5 6 7 n

Figure 2.13: Input signal and impulse response in Problem 2.6.

Answer:

After time-reversing A[k], we see that we can break down the problem into five intervals for 7.

For n <1: x[k]h[n — k] is zero for all k, hence y[n]=0.

For 1<n<3:Then glk]=x[k]h[n—k]#0 for k =1,...,n. We get

n—1

=Y gtk =Y 08 =08 Y (0.8 =083 (0.8)"

e [17(0.87) ) (0.8 -1 _ .
=(0.8) [1_(0.8)_1} 5 =57508)
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For 4<n<6:Then glk]|=x[klh[n—k]#0 for k =1,...,3. We get

yn] = Z glk] = Z(O.S)”"‘ =(0.8)" z (0.8)™ =(0.8)"* > (0.8)™

— n-1 1_(0‘8_1 )3 — (08)’7 _(0.8)"_3 — n=3 _ [/ n
=(0.8) ( =08 j = 0.2 =5(0.8) 5(0.8)" =4.7656(0.8)

For 7<n<8:Then glk]=x[k]h[n—k]#0 for n—5<k <3. We have

3 3 8-n

vnl= Y glkl= 2 (0.8)™ =3 (0.8y" "™ =(0~8)5i(0-8)_’"

_ s(1=(0.8")™" ) _(0.8)° =(0.8)"" _ -3 6
=(0.8) ( O J_ - =5(0.8)"" —5(0.8)

Finally for n 29 the two signals x[k], #[n — k] don't overlap, so y[n]=0.

In summary, the output signal of the LTI system is given by:

0, n<0
5-5(0.8)", 1<n<3

Mn)=1[50.8)" -5](0.8)", 4<n<6
5(0.8)" =5(0.8)°, 7<n<8
0, n=9

Problem 2.10

The input signal of the LTI system shown in Figure 2.14 is the following:

x(t) =u(t) —u(t =2) +o(¢t +1).
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Figure 2.14: Cascaded LTI systems in Problem 2.7.

The impulse responses of the subsystems are: A, (¢) = e u(t), h,(t) =e'u(t).

(a) Compute the impulse response A(¢) of the overall system.

(b) Find an equivalent system (same impulse response) configured as a parallel interconnection

of two LTI subsystems.

(c) Sketch the input signal x(¢). Compute the output signal y(¢).
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