Solutions to Problems in Chapter 1

Problems with Solutions

Problem 1.1

Write the following complex signals in polar form, i.e., in the form x(¢) = r(¢)e’*",
r(t),0()OR, r(tp> 0 for continuous-time signals, x[n] = r[n]e’™™, r{n],@n]OR, r[nP 0 for

discrete-time signals.

a) x(t) =
@ 20 =
Answer:
‘ e
X0)=——= e/
I N
arctan(_—tj, t=0
i !
= ()=, 60) =
£+l arctan(th+7T,t<0

(b) x[n] =nje"”’, n>0

Answer:

x[n]=nje"’ =ne"e’"? n>0

= r[n]=ne", Gn]=1+71/2)



Problem 1.2

Determine if the following systems are: 1. Memoryless, 2. Time-invariant, 3. Linear, 4. Causal,

5. BIBO Stable. Justify your answers.

() y[n]=x{1-n]

1. Memoryless? No. For example, the output y[0] = x[1] depends on a future value of the input.

2. Time-invariant? No.

y[n]=8x[n—-N]=x[1-n—-N]
Zx1-(n—=N)]=x[1 —n +N)] =y[n —N]

3. Linear? Yes. Let y,[n]:=Sx,[n] =x,[1 —n], y,[n]:=Sx,[n] =x,[1 —n]. Then, the output of the

system with x[n]:=ax,[n]+ [x,[n] is given by:

y=258x:
Nn]=x[1-n] =ax[1 —n] +Bx,[1 —n]
=ay,[n] +:By2[n]

4. Causal? No. For example, the output y[0] = x[1] depends on a future value of the input.
5. Stable? Yes. |x[n]|< B, On = |y[n]| =|x[1-n] <B, .

x(1)

(b) »(@) =m

1. Memoryless? No. The system has memory since at time ¢, it uses the past value of the input

x(t-1).



x(t=T)

2. Time-invariant? Yes. Hn=Sx@t-I)y=—-—
WO =D = oo

=yt -T)

3. Linear? No. The system § is nonlinear since it does not have the superposition property:

_ x0 _ 0
For (0. 5,0, et (0= 2 0 =2
Define x(¢) = ax, (¢) +bx, (¢).

ax, (t) + bx, (1) . (1) + bx, (1)

l+ax,(t-1)+bx,(t -1) 1+x( -1 1+x,(¢t -1)

Then y(¢) = =ay, (1) +by, (1)

4. Causal? Yes. The system is causal as the output is a function of the past and current values of

the input x(z —1) and x(¢) only.

5. Stable? No. For the bounded input x(¢) = -1, [t = | y(t)| = o0, i.e. the output is unbounded.
(c) y(t) = 1x(7)

1. Memoryless? Yes. The output at time ¢ depends only on the current value of the input x(¢).
2. Time-invariant? No. y,(¢t) =Sx(t —=T) =tx(t =T) #(t —T)x(t —T) =y(t -T)

3. Linear? Yes. Let y, () := Sx,(¢) =tx,(¢), »,(t):=S8x,(¢) =tx,(¢). Then,

W(t) = Slax, (1) +bx, (2)] =tlax, (1) +bx,(?)]
= atx, (1) +bix, (t) =ay, (1) +by, (1)

4. Causal? Yes. The output at time ¢ depends on the present value of the input only.



5. Stable? No. Consider the constant input x(¢) = B = for any K, [IT" such that | w(T )|: |T B|> K,

namely, 7 > £ , 1.e., the output is unbounded.

B

0

(d) yn]= D xn—k]

k=—c0
1. Memoryless? No. The output y[n] is computed using all future values of the input.

0
2. Time-invariant? Yes. y,[n] = Sx[n —N] = z x[n =N —-k] =y[n =N]

k=—0c0

0 0
3. Linear? Yes. Let y,[n]:=Sx,[n] = Y x,[n~k], »,[n]:=Sx,[n] = x,[n —k]. Then, the

k=-00 k=-

output of the system with x[n]:= ax,[n] + Bx,[n] is given by:

0

y[n] = Z x[n—k] = i ax,[n —k] +Bx,[n —k] =a ZO: x,[n —k] 48 i x,[n k]

k=—00 k =—o0 k ==

=ay,[n]+By,[n]
4. Causal? No. The output y[n] depends on future values of the input x[n + |k|] .

0

> xn —k]‘ =

5. Stable? No. For the input signal x[n] =B, Un = |y[n]| =

> B
k=—o

= 400, i.e., the
k=—c0

output is unbounded.



Problem 1.3

Find the fundamental periods (7 for continuous-time signals, N for discrete-time signals) of the

following periodic signals.

(a) x(¢) = cos(1371) +2sin(4 71)

Answer:

x(t+T)=cos(13/mt +13 7)) +2sin(4 71 +4 T)

will equal x(¢) if Uk, p{0 Z such that 137E 27k, 4 7E 2 7p,

which yields 7' = % =

4

i3 The numerator and denominator are coprime (no

(SRES

= L=
k

common divisor except 1), thus we take p =4, k£ =13 and the fundamental periodis 7 =-— =2.

(YL

(b) x[n] - ej7.35117n
Answer:

2 7351 7351

x[n] =B = ¢/ 1000 , thus the frequency is w, = = 2 rrand the number 7351 is
1000 2000

prime, so the fundamental period is N = 2000.



Problem 1.4
Sketch the signals x[n] =u[n +3] —u[n] +0.5"u[n] —0.5"*u[n —4], and

y[n]=nu[-n] =90[n —1] —nu[n =3] +(n —d)u[n —6].

Answer:

Signals x[n] and y[n] are sketched in Figure 1.1 and Figure 1.2

15, Xln]
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Figure 1.1: Signal x[#]
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Figure 1.2: Signal y[n]



(b) Find expressions for the signals shown in Figure 1.3.

A X(t)
2
I R
3 1 0 "
] v oo
()
aAvavivava
R TR t;

Figure 1.3: Plots of continuous-time signals x(z) and y(¢)

Answer:

x(1) :g(t+3)u(t +3) —%(t +3)u(t) —u(t) tu(t -2) ot H) -o(t 3)

y(t) = i 2t =3k)u(t =3k) =2(t =3k —Du(t 3k —1) 2u(t 2 3k)

k=—00



Problem 1.5

Properties of even and odd signals.

(a) Show that if x[n] is an odd signal, then z x[n]=0

n=-oo
Answer:

For an odd signal,

+00

x[n]=—x[n]= x[0]=0 and ix[n] =x[0] +Z(x[n] =x[n]) =0

n=-—oo n=1

(b) Show that if x,[n] is odd and x,[n] is even, then their product is odd.

Answer:

x[n]=x[=n], x,[n]=-x,[=]

= x[-nlx,[-n] = —x,[n]x,[n]

(c) Let x[n] be an arbitrary signal with even and odd parts x [n] = Evi{x[n]}, x,[n]=0d{x[n]}.

Show that ixz[n] = ixez[n] + ixnz[n].

n=-co n=-co

Answer:

>l = Sk Il ) = X202 3 ) + Y, )

=0

= x2[n]+ > x,[n]

n=-o



+00

(d) Similarly, show that j X ()dt = j X (t)dt + j x(t)dt .

—00

Answer:

+00 +00

j X (H)dt = T(xe () +x, () dt = j x 2 (0)dt +2 Txe ()x, (t)dt + ]mxj (t)dt

—00 —00

N ——
0

= ij (H)dt + ij (t)dt

—00

Exercises

Problem 1.6

Write the following complex signals in rectangular form: x(¢) = a(¢) + jb(¢), a(t),b(¢t) OR for

continuous-time signals, x[n] =a[n]+ jb[n], a[n],b[n] OR for discrete-time signals.
(a) x(t) - e(—2+j3)t
(b) x(¢) = e ™u(t) +e** " u(-t)

Problem 1.7

Use the sampling property of the impulse to simplify the following expressions.
(a) x(¢) =€ cos(101)I(¢)
Answer:

x(t) = e cos(10£)(¢) = e” cos(10 0)I(¢) = X¢)



(b) x(¢)= sin(2ﬂt)i At —k)
Answer:

x(t) = sin(2ﬂt)i Xt —k) :isin(Z 77y & k)

= isin(znk) &t —k) :io &t —k) =0

(c) x[n] = cos(0.27m) 20: Jqn -10k]

k=-0c0

Answer:

x[n] = cos(0.27mn) i qn -10k] = i c0s(0.2 7m) n —10k]

k=—00 k=—c

0

= i cos(27tk) dn —10k] = Z dn —10k]

k=—00

Problem 1.8

Compute the convolution: d(z —T) Ce™ u(t)= I o(r- T)e? " Du(t— ndr .

—00

Problem 1.9

Write the following complex signals in (i) polar form and (ii) rectangular form.

Polar form: x(¢) = r(t)e’*”, r(¢),6(t) OR for continuous-time signals,

x[n] = r[n]e’®™, r[n],@[n] OR for discrete-time signals.

10



Rectangular form: x(¢) = a(¢) + jb(¢), a(t),b(t) OR for continuous-time signals,

x[n] = a[n] + jb[n], a[n],b[n] OR for discrete-time signals.
) t
(@) x(0)=j+—:
1=

Answer:

y
5 ()= ] +% = +(ITJ)’ =0.5¢ +j(1 +0.5¢)
-]

= a(t)=0.5t, b(t) =(1+0.5¢t)
X, (t) = \/()_2512 +(1 +0.5t)2 ejarctan[(1+0<5:)/o‘5r]
= 7(1) =05 +1 +1, §(r) =arctan[(1 +0.51)/0.51]

(b) x,[n] = jn +e™
Answer:
x,[n] = jn+e’*" =cos(2n) + j[n +sin(2n)]

= a,[n] = cos(2n), b,[n] =n +sin(2n)

:\/008(21/1)2 +[n +Sin(2n)]2ejarctan[(n+sin(2n))/cos(2n)]

:\/1 +n2 +2nSin(zn)ejarctan[(n+sin(2n))/cos(2n)]

= nln]= \/1 +n’ +2nsin(2n), 6,[n] = jarctan[(n +sin(2n))/cos(2n)]

Problem 1.10
Determine whether the following systems are: 1. Memoryless, 2. Time-invariant, 3. Linear,

4. Causal, 5. BIBO Stable. Justify your answers.

11



(a) y(t) = ix(t) , Where the time derivative of x(¢) is defined as ix(r) = lim X = x(t ~ ) X
dt dt Ar-0 At

(b) ¥(0) =m

(c) y(t) =2tx(2¢)

n

(d) y[nl= ) xlk =n]

k=—o0o
(e) y[n] = x[n]+nx[n +1]

(f) yln] = x[n] +x[n -2]

Problem 1.11

Find the fundamental periods and fundamental frequencies of the following periodic signal.
(a) x{n] = cos(0.017zn)e’* "™

Answer:

—_2mn -2 2 m

1] = cos(0.017zn)e’* *™ =0.5¢%14™ +0.5¢7*> " =0.5¢" 10 +0.5¢ 0

thus 0 = I for the first term, and ™= LA :i for the second. The fundamental period
N, 100 N, 100 50
. . 2 _
(common to both terms) is N =100, and the fundamental frequency is Q, = 100 = 30

(b)x(¢) = i e " cos (47t = 2k))[u(t —2k) —u(t =2k -1)|. Sketch this signal.

k=—0c0

12



Answer:

This signal is constructed from a damped cosine term which lasts one second (k£ =0 in the

summation) and is repeated every two seconds. Therefore, its fundamental period is 7 =2

seconds and its fundamental frequency is @, = 27” = T radians/s. The signal is sketched below.

A X([)
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